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Following Erd +os and Rado, three sets are said to form a delta triple if any two of
them have the same intersection. Let F ðn; 3Þ denote the largest cardinality of a family
of subsets of an n-set not containing a delta-triple. It is not known whether
lim supn!1 n
1 log F ðn; 3Þ51: We say that a family of bipartitions of an n-set is
qualitatively 3/4-weakly 3-dependent if the common reﬁnement of any 3 distinct
partitions of the family has at least 6 non-empty classes (i.e., at least 3/4 of
the total). Let IðnÞ denote the maximum cardinality of such a family. We
derive a simple relation between the exponential asymptotics of F ðn; 3Þ and IðnÞ
and show, as a consequence, that lim supn!1 n
1 log F ðn; 3Þ ¼ 1 if and only if
lim supn!1 n
1 log IðnÞ ¼ 1: # 2002 Elsevier Science (USA)1. INTRODUCTION
Throughout this paper, we shall consider families of subsets and/or of
bipartitions of the ﬁxed ground set ½n ¼ f1; 2; . . . ; ng: As usual, a subset of
A  ½n will be represented by its characteristic vector x ¼ xA ¼ xA1 ; x
A
2 . . . x
A
n 2
f0; 1gn; where
xAi ¼
1 if i 2 A;
0 else:
(
A bipartition of ½n will be represented by the characteristic vector of one of
its classes, as}due to the nature of our problems}the arbitrariness of this
choice will cause no confusion. Given the ordered triple of binary sequences
ðx; y; zÞ 2 f0; 1gn  f0; 1gn  f0; 1gn; we will denote by W ðx; y; zÞ the set of
those elements a 2 f0; 1g3 for which there is a coordinate i 2 ½n yielding
ðxi; yi; ziÞ ¼ a:
LetW be a family of subsets of f0; 1g3: We say that the set of sequences
F  f0; 1gn is sealed byW if for any ordered triple ðx; y; zÞ of three distinct
elements of F we have
W ðx; y; zÞ 2W: ð1Þ75
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KO¨RNER AND MONTI76Let Mðn;WÞ be the largest cardinality of a set F  f0; 1gn sealed by W
and write
tW ¼ lim sup
n!1
1
n
logMðn;WÞ:
Note that here and throughout the paper exp’s and log’s are binary.
Many interesting problems in extremal set theory can be stated in these
terms, choosing W in an appropriate manner (cf. [9] for a systematic
presentation of some of the famous ones).
In particular, write T ¼ fð0; 1; 1Þ; ð1; 0; 1Þ; ð1; 1; 0Þg and deﬁne
Wd ¼ fB; B  f0; 1g
3; B\ T=|g:
It should be immediately obvious that a set F is sealed byWd if and only if it
is the set of the characteristic vectors of a family of subsets of ½n not
containing a delta triple, whence, if, using the notation of [2], we denote by
F ðn; 3Þ the maximum of the cardinality of such a family, we realize that
F ðn; 3Þ ¼ Mðn;WdÞ: ð2Þ
With this notation we have [2, 10]
log 1:5514tWd41:
A family of sets without a D-triple is usually called a strong D-system. It is
striking that since the 1978 paper of Erd +os and Szemer!edi [4] the obvious
upper bound has resisted any attack aiming at an improvement. The main
objective of the present note is to show that tWd ¼ 1 if and only if the
asymptotic exponent remains the same for the maximum size of a set of
n-length binary strings even for a considerably stronger condition related
to qualitative independence.
2. LEVELS OF QUALITATIVE (IN)DEPENDENCE
We will introduce a series of problems leading up to the determination of
the maximum size of a family of qualitatively 3-independent bipartitions of
an n-set, a well known and much investigated problem [8] originated in
R!enyi’s book [14]. We will say that a family G of bipartitions of the set ½n is
qualitatively l=8-weakly 3-dependent if for any three partitions in the family
their roughest common reﬁnement has at least l non-empty classes. Note
that the number of non-empty classes of such a reﬁnement has at most
23 ¼ 8 non-empty classes. Thus, in particular, the partitions in G are
qualitatively 3-independent precisely when l ¼ 8: Note that a family G of
DELTA-SYSTEMS AND INDEPENDENCE 77bipartitions is qualitatively 3-independent if and only if, representing each of
the partitions by the characteristic vector of one of its classes in an arbitrary
manner, the resulting set F  f0; 1gn of binary strings satisﬁes the condition
W ðx; y; zÞ ¼ f0; 1g3 ð3Þ
for every triple ðx; y; zÞ of its distinct elements. The precise exponential
asymptotics of the largest size GðnÞ of such a family of bipartitions is still
unknown. The following upper bound is due to Kleitman and Spencer [8]
while the lower bound is hard to attribute. It is essentially due to Erd +os et al.
[3] (cf. also Graham et al. [7]; for more complete bibliographical data on its
attribution cf. [9])
0:1324 lim sup
n!1
1
n
logGðnÞ40:311 . . . :
To translate each of the above-mentioned problems on weak qualitative
dependence into the language of binary strings, we introduce the notation
Wl ¼
f0; 1g3
5l
 !
¼
[8
k¼l
f0; 1g3
k
 !
¼ fA; A  f0; 1g3; jAj5lg:
It is easy to see that a family of bipartitions of ½n is qualitatively l=8-weakly
3-dependent if and only if, representing each of the partitions by the
characteristic vector of one of its classes in an arbitrary manner, the
resulting set F  f0; 1gn of binary strings satisﬁes the condition
W ðx; y; zÞ 2Wl ð4Þ
for every triple ðx; y; zÞ of its distinct elements. Let us write tl ¼ tWl : It is
immediately obvious that tl is monotonically decreasing with l and t4 ¼ 1:
Moreover, it is very easy to see that even t5 ¼ 1: In fact, we consider, for
every even value of n the set Bn of all the binary sequences with an equal
number of zeros and ones. It is easy to see that any three distinct elements of
Bn have at least three different columns having one or two zeros each. Thus,
if we add to all the elements of Bn the sufﬁx 01, the resulting set satisﬁes (4)
for l ¼ 5 and thus, clearly,
t55 lim sup
n!1
1
n
log jBnj ¼ 1:
Therefore, the ﬁrst interesting case is l ¼ 6: This will be the main topic of
this paper. To conclude our brief survey, we note that
t7412 :
KO¨RNER AND MONTI78In fact, it is not hard to see that if a triple of distinct binary strings satisﬁes
(4) for l ¼ 7 then among the ordered triples of their coordinates there must
be two different columns of weight (i.e., number of 1’s) equal to two and
likewise, two different columns of weight one. Then our last inequality is
implied by the elementary Proposition 1 in [9]. While we do not know the
true value of t7; a non-trivial though weak lower bound follows from what
we know about t8: For this purpose, observe that for l ¼ 8 condition (4) is
equivalent to (3).
Some nearly obvious preliminary remarks about the connection of these
problems are in order. We will say that a set of binary strings is uniform if all
its strings are of the same length and they all have the same number of 1’s.
We will say that a set is a strong D-cosystem if upon exchanging zero and one
everywhere in each of its strings results in a strong D-system. Further, we
will say that a set is a strong double D-system if it is both a strong D-system
and a strong D-cosystem. We need the following technical lemma which is
folklore and so easy that we will omit the proof (cf. e.g. [2]).
Lemma 2.1. If the set F  f0; 1gn is a uniform strong D-system then for
every natural number m also the Cartesian powers F m  f0; 1gnm are uniform
strong D-systems. Hence, if the uniform set F is a strong double D-system then
so are its Cartesian powers.
Further,
Lemma 2.2. Let M nðnÞ denote the largest cardinality of a set of binary
strings representing a strong double D-system. Then
lim sup
n!1
1
n
logM nðnÞ ¼ t6:
Proof. To prove that the left-hand side is at least t6 it is sufﬁcient to
observe that if F  f0; 1gn represents a uniform strong double D-system,
then sufﬁxing the two bits 01 to each of its strings the resulting set of binary
strings of length nþ 2 represents a family of qualitatively 3=4-weakly
3-dependent bipartitions of ½nþ 2: The rest is obvious. ]
3. 3=4-WEAK QUALITATIVE DEPENDENCE
In the rest of this paper we mostly keep l ¼ 6 ﬁxed while introducing a
new parameter. Let p 2 ½0; 1 be arbitrary and let T np be the set of all the
binary strings of length n and weight np: (Note that this set is always empty
DELTA-SYSTEMS AND INDEPENDENCE 79if p is irrational.) Let Mðn;W;pÞ be the largest cardinality of a set of
sequences F  T np sealed by W and write
tWðpÞ ¼ lim sup
n!1
1
n
logMðn;W;pÞ
for rational values of p and in particular tlðpÞ ¼ tWlðpÞ: It is clear that for
every ﬁxed W the resulting tWðpÞ as a function of p 2 ½0; 1 has a unique
continuous extension to the whole unit interval and we have
tW ¼ max
p
tWðpÞ: ð5Þ
Now we are able to state our main result expressing the solution of our
new problem in terms of D-systems.
Theorem 3.1.
t6 ¼ max
p
minftWd ðpÞ; tWd ð1 pÞg
and in particular t6 ¼ 1 if and only if tWd ¼ 1:
It might surprise that one manages to prove this statement using a
construction technique introduced in earlier work of Gargano et al. [5, 6]
and previously believed to be tailored to deal exclusively with pairwise
restrictions. The technique allows to ‘‘interweave’’ sequences of construc-
tions of sets of strings satisfying separate restrictions on their pairs of strings
in such a manner that the resulting new sequence of constructions satisﬁes
all the original restrictions while maintaining the very same asymptotic
behaviour that can be guaranteed for each of the restrictions when
considered separately, one at a time. This proof technique was in [5, 6]
the key to give}as a corollary of a far more general result on the capacity of
a family of directed graphs}a complete solution of a long-standing open
problem of R!enyi’s on the maximum number of pairwise qualitatively
independent k-partitions of an n-set. Earlier work on R!enyi’s problem
includes [12, 13].
Proof. Let us start with the easier part and establish ﬁrst
t6ðpÞ4minftWd ðpÞ; tWd ð1 pÞg ð6Þ
for every p 2 ½0; 1: By the very deﬁnition of tlðpÞ there exists a sequence of
positive integers nk !1; rational numbers pk ! p and sets Fk  T nkpk
asymptotically achieving t6ðpÞ: Notice, however, that if a set Fk is
qualitatively 3=4-weakly 3-dependent then it is also a strong D-system and
KO¨RNER AND MONTI80this means that
t6ðpÞ ¼ lim sup
k!1
1
nk
log jFk j4tWdðpÞ:
To complete the proof of (6) it sufﬁces to note that exchanging the role of
zero and one everywhere in the strings of Fk the resulting set #F k  T
nk
ð1pk Þ
is
once again a strong D-system.
We will now prove the reverse inequality
t6ðpÞ5minftWd ðpÞ; tWd ð1 pÞg ð7Þ
for every p 2 ½0; 1: To this end consider an arbitrary rational number
p 2 ð0; 1Þ and let n be chosen so as to make np an integer. Then
T np=|:
By deﬁnition of the numbers tWd ðpÞ and tWd ð1 pÞ for every e > 0 and
corresponding integers n0pðeÞ; n
00
pðeÞ we have sets C  T
n0pðeÞ
p and D  T
n00pðeÞ
p
with cardinalities
jCj5exp½n0pðeÞðtWd ðpÞ  eÞ; jDj5exp½n
00
pðeÞðtWd ð1 pÞ  eÞ;
where C is a strong D-system and so is the set #D obtained from D by
exchanging the role of zero and one everywhere in its strings. Eventually,
replacing these sets by their appropriate Cartesian powers, in virtue
of Lemma 2.1 we can suppose that n0pðeÞ ¼ n
00
pðeÞ and thus we will write
m ¼ npðeÞ for their common value. Hence, with this notation, we have for
every e > 0 and large enough m a uniform strong D-system C ¼ CðmÞ and a
uniform strong D-cosystem D ¼ DðmÞ satisfying
jCðmÞj5exp½mðtWd ðpÞ  eÞ; jDðmÞj5exp½mðtWdð1 pÞ  eÞ: ð8Þ
At this point, we shall apply to these two sets the technique of interweaving
due to Gargano et al. [6]. We will skip some of the more obvious technical
details in the subsequent calculations for which the reader is referred to [6].
Let us denote by Sm the set of all bijections ½m ! ½m: Given a sequence x
and a bijection p 2 Sm we write
pðxÞ ¼ xpð1Þ; xpð2Þ; . . . xpðmÞ:
As usual, we extend p from points to subsets of Tmp by deﬁning
pðEÞ ¼ fpðxÞ; x 2 Eg
DELTA-SYSTEMS AND INDEPENDENCE 81for every E  Tmp : By a well-known theorem of Lov!asz [11] there exist tm
bijections p1; p2; . . . ; ptm for which the set T
m
p is the disjoint union of the sets
Ci  piðCÞ; i ¼ 1; 2; . . . ; tm
and
tm4
jTmp j
jCj
logð2jCjÞ: ð9Þ
Likewise, starting with the set D we construct a partition of Tmp into sets
Di  riðDÞ; i ¼ 1; 2; . . . ; um
for appropriate bijections ri 2 Sm; where
um4
jTmp j
jDj
logð2jD jÞ: ð10Þ
Next, we apply Lemma 2 of [6] to conclude that there exist two new
partitions fC ni g
vðmÞ
i¼1 ; fD
n
i g
vðmÞ
i¼1 having a common number of classes
vðmÞ42max
jTmp j
jCj
logð2jCjÞ;
jTmp j
jDj
logð2jDjÞ
 
; ð11Þ
where classes of the same index i satisfy
jC ni j ¼ jD
n
i j
and are such that for some bijections pni 2 Sm; r
n
i 2 Sm we continue to have
C ni  p
n
i ðCÞ; i ¼ 1; 2; . . . ; vm
and
Dni  r
n
i ðDÞ; i ¼ 1; 2; . . . ; vm
as before.
Given any natural number l we will say that a sequence a ¼ a1a2 . . . al 2
ðTmp Þ
l is obedient if for every j 2 ½m 1
aj 2 C ni implies ajþ1 2 D
n
i :
For any ﬁxed a0 2 Tmp ; a
00 2 Tmp we denote by Flða
0; a00Þ the set of those
obedient sequences a1a2 . . . al 2 ðTmp Þ
l that satisfy
a1 ¼ a0; al ¼ a00:
KO¨RNER AND MONTI82As proved in [6] (cf. pp. 308–310), the sequences a0 2 Tmp and a
00 2 Tmp can be
chosen so as to have
1
l
log jFlða0; a00Þj5 log min
jCj
2 logð2jCjÞ
;
jDj
2 logð2jDjÞ
 

2
l
log jTmp j: ð12Þ
We claim further that the strings in Flða0; a00Þ represent a uniform strong
double D-system, implying
1
lm
logM nðlmÞ5
1
lm
logjFlða0; a00Þj: ð13Þ
To check that, in fact, Flða0; a00Þ represents a uniform strong double D-
system, consider the ordered triple of three distinct elements ða; b; gÞ 2
½Flða0; a00Þ3: In particular, write
a ¼ a1a2 . . . al;
b ¼ b1b2 . . . bl;
g ¼ c1c2 . . . cl:
For brevity, we will refer to the substrings ai; bi and ci; i 2 ½l  as ministrings.
We distinguish two cases. In the ﬁrst case, we assume a; b and g to have the
property that for every i 2 ½l  their ministrings ai; bi and ci are either all
different or else they all coincide. (In other words, for no i can it happen that
two of these be the same without the third one being equal to both.) Let
then j and k be the ﬁrst and the last index for which the ministrings of a; b
and g differ. This means that there are natural numbers 14j4k4l for
which aj; bj and cj are all different and also ak ; bk ; ck are three different
strings, while
ai ¼ bi ¼ ci for every i5j and i > k:
Then, since all our sequences are obedient, the three distinct ministrings aj;
bj and cj belong to a set obtained from a subset of D by permuting the
coordinates of all its strings in the same way and thus they belong to a
strong D-cosystem. Analogously and for the same reason, but looking at our
superstrings ‘‘from the right,’’ we see that the three distinct ministrings ak ; bk
and ck necessarily belong to a subset obtained from C upon permuting the
coordinates of all of its strings in the same manner; this follows from the fact
that these three ministrings are the immediate predecessors, each in its
respective ‘‘superstring,’’ of the very same string from Tmp : Hence ak ; bk and
ck belong to a strong D-system. Consequently, in this case neither a; b and g
nor their bitwise complements form a D-triple.
DELTA-SYSTEMS AND INDEPENDENCE 83If our previous assumption fails, then there must be a j where aj; bj and cj
are not the very same string, yet two of them are equal, say e.g.
aj ¼ bj
while cj differs from both. Since these three strings all have the same number
of zeros and the same number of ones, the different strings must differ
‘‘symmetrically’’ (having both 01 and 10 coincidences) which means that the
ordered triple ðaj; bj; cjÞ must have a coordinate ð0; 0; 1Þ and a coordinate
ð1; 1; 0Þ: However, since a;b and g are different, we necessarily have
somewhere else an index k for which
ak=bk
and this provides us with two more vectors; ð0; 1; xÞ 2 f0; 1g3 and ð1; 0; yÞ 2
f0; 1g3: Whatever the unknown bit values x 2 f0; 1g; y 2 f0; 1g might be, in
every case we have totalized four different binary vectors of length 3 none of
which has three equal coordinates, and this implies once again that neither
a; b and g nor their bitwise complements form a D-triple. Hence, we have
proved that the strings of Flða0; a00Þ represent a uniform strong double D-
system and thus (13) holds. To conclude the proof, let us substitute l ¼ m in
(12) and compare the result with (13) and (8) to get
lim sup
m!1
1
m2
logM nðm2Þ
5 lim sup
m!1
1
m
minflog jCðmÞj  log logð2jCðmÞjÞ; log jDðmÞj
 log logð2jDðmÞjÞg 
3
m
5minftWd ðpÞ; tWd ð1 pÞg  e
for every e > 0: Recalling Lemma 2.2 we get the missing inequality (7). To
reassume we have proved that t6 ¼ maxp minftWdðpÞ; tWdð1 pÞg as claimed.
It remains to verify the last statement of the theorem. To this end we quote
from [1] (cf. Lemma 2.3, p. 30) that for every p 2 ½0; 1
jT np j ¼
n
np
 !
4exp½nhðpÞ;
where hðpÞ ¼ p log p  ð1 pÞ logð1 pÞ is the binary entropy. Since
hðpÞ ¼ 1 implies p ¼ 1
2
; and since by the last inequality we also have
the fairly obvious relation tWdðpÞ4hðpÞ; we also see that tWd ¼ 1 implies
tWd ð1=2Þ ¼ 1 and thus by the already established part of our theorem t6 ¼ 1:
On the other hand, since t64tWd ¼ 1; we also get the reverse implication. ]
KO¨RNER AND MONTI84Using a small construction of [2] of 12 strings of length 6, Lemmas 2.1 and
2.2 yield
t6516 log 12 ¼ 0:597 . . . :
This should be easy to improve in the way of [2] but it seems to us that no
such small constructions will give the truth.
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